Constant-roll inflation was recently introduced by Motohashi, Starobinsky and Yokoyama as a phenomenological way to parametrize deviations from the slow-roll scenarios. In this paper, we investigate the dynamics of both the background and the perturbations in this model, without making any slow-roll assumptions. The perturbation spectra are computed with an efficient and accurate novel method that allowed us to quickly scan the parameter space of constant-roll inflation. We derive the constraints on the model parameters from the cosmic microwave background anisotropy measurements provided by the joint analysis of the Planck Collaboration and the BICEP2/Keck Array data.
I. INTRODUCTION
The inflationary paradigm has been one of the most successful developments since its very first appearance in [1] [2] [3] [4] [5] , as its characteristic accelerated expansion solves most of the caveats of standard big bang cosmology. In its most common form, inflation is driven by a scalar degree of freedom rolling slowly down a not very steep potential. Quantum fluctuations of the inflaton source the primordial inhomogeneities from which the actual large scale structure of the Universe emerges.
Throughout the years, a multitude of inflationary models were proposed where the dynamics of the background field is highly overdamped, and the production of scalar and tensor fluctuations can be completely characterized by the so-called slow-roll parameters. Slow roll by itself is not a necessary condition for an inflationary model to be viable, and it is interesting to also explore models which break away from the slow-roll restrictions. Motohashi et. al. recently introduced a constant-roll inflation [6, 7] which replaces the usual slow-roll condition with an ansatz that the field rolls at a constant rate, be it slow or not. The model is rather neat as it characterizes the deviation from a slow roll by a single parameter and allows analytic integration of the expansion history and the full scalar field potential reconstruction. The potential driving constant-roll inflation only differs from the one in natural inflation [8] by the addition of a negative cosmological constant (with specially chosen value). The constant-roll rate can be tuned by the period of the potential, which corresponds to the global symmetry breaking scale in natural inflation. In this paper, we investigate constraints on constant-roll inflation from cosmic microwave background anisotropy data [9] [10] [11] [12] .
In previous efforts [7] , the confrontation of this model with observational data used the well-known consistency relations between slow-roll and fluctuation spectra parameters [13, 14] , which assumes that the slow-roll approximation holds and is accurate in the parameter range * joseg@sfu.ca † azucca@sfu.ca ‡ frolov@sfu.ca to be explored. Even though this assumption is not inconsistent with the data, we find that there are small but noticeable differences if one computes the fluctuation spectra exactly. In our approach we do not impose any slow-roll assumptions and instead just directly evaluate the scalar and tensor power spectra of primordial fluctuations in a sufficiently large sector of the parameter space by numerical integration. This procedure allows us to evaluate deviations from the standard slow-roll approximation of the spectral index n s and the tensorto-scalar ratio r. Achieving this with adequate parameter sampling and high precision throughout the mode evolution can be computationally expensive. We use a single-field version of our general method [15] which separates the fast and slow scales in the mode evolution to exponentially increase efficiency of sub-horizon integration. Our computational method allows us to scan a significant portion of the parameter space quickly and extremely accurately on a personal computer with minimal specifications.
Constant-roll inflation has an uncertainty on the field value where inflation ends, as the potential needs to be cut at some value φ 0 to get an exit from inflation. This introduces a third parameter to the model in addition to the mass scale and the roll rate, which fortunately turns out to be entirely degenerate as far as fluctuation spectra are concerned. This allows us to set tight constraints on two combinations of the model parameters for constant-roll inflation: one that determines the amplitude of scalar and tensor perturbations (along with the characteristic energy scale where inflation occurs), and the second one which sets the roll rate (and quantifies the deviations from the slow-roll approximation). We also compare constant-roll inflation with other models via estimation of the allowed region on the r versus n s diagram, where each point can be identified with (at least) one choice of the model parameters after the spectrum is evaluated at the pivot scale.
The layout of this paper is as follows: In section II, we present the model and scan a representative subset of the background phase space in order to determine the expansion history due to each choice of initial conditions. Our exploration of the phase space also includes the attractor formed by converging field trajectories. We describe the dynamics of the scalar and tensor fluctuations in section III, where we discuss the separation technique of scalar and tensor modes into fast and slow components, a mode injection scheme to calculate the spectra numerically, and compute the representative spectra given a set of arbitrary model parameters. We show that both the scalar and tensor spectra are featureless, and, as a consistency check, we also explicitly show that none of the modes evolve on super-horizon scales. In section IV, we use the joint likelihood data from Planck 2015 [9] [10] [11] and BICEP2/Keck Array [12] to constrain the constant-roll inflation model parameters 1 . Finally, in section V, we discuss the results and conclude.
II. MODEL AND BACKGROUND DYNAMICS
In this section, we recite the results in [7] to provide all that is needed in order to describe the background evolution in the constant-roll inflation model. The dynamics of the inflaton field minimally coupled to gravity is governed by the effective action
which has a canonical kinetic term for the scalar field. We will use the signature (−, +, +, +) and will assume the spatially flat Friedmann-Lemaître-Robertson-Walker metric for background. The constant-roll inflation potential we use throughout this paper was derived in [7] after reducing the order of the standard background equation of motionφ
by the constant-roll ansatzφ = βHφ. The role of β is to parametrize the magnitude of the second time derivative and thus, the deviations from the slow-roll approximation. Using the two Friedmann equations
it is possible to find a particular solution for the background evolution and reconstruct the constant-roll inflation potential V (φ), which turns out to be
(4) The shape of the potential is illustrated in the left panel of Fig. 1 and evaluated at different values of β. The mass M determines both the energy scale at which inflation occurs and the amplitude of the primordial fluctuations. The potential (4) can become negative, and must be cut off somewhere before that to exit the inflation gracefully.
In the absence of an inherent point on the potential where inflation ends, it is important to explicitly specify the field range where we will evaluate the curvature and Pl . Right panel: Evolution of the corresponding sum of the two tensor polarizations for the same model parameters. N is the number of e-folds from the start of numerical evolution of the background. We show extremely long wavelength modes emerging deep from the sub-horizon scales to demonstrate that there is absolutely no evolution on super-horizon scales in all cases.
tensor fluctuations. The background field evolution proceeds from arbitrarily small values to some upper bound φ 0 where potential is modified and inflation ends, which we parametrize by setting to be N * e-folds away from reaching the critical point where V = 0 in the unmodified potential (4). This range depends on the model parameters and is illustrated in the left panel of Fig. 1 , where φ 0 can be calculated as
We note that φ 0 is independent of M . Thus, the model has three parameters, namely M , β and N * . It is clear that N * and M are degenerate since amplitude of scalar fluctuations can be changed by either a shift in the energy scale of the potential, or by moving the endpoint φ 0 closer or further from φ = 0 where potential is flat, up to the value where V = 0.
Using the equations of motion for the field (2) and the Hubble scale (3), we scan the phase space in order to find the number of e-folds for every choice of initial conditions
Our results are shown in the right panel of Fig. 1 for
Pl , N * = 55 and β = 0.02, where φ 0 = 3.38 corresponds to our choice for β. A few phase space trajectories are also plotted in the same figure. A choice of initial conditions close to the attractor (withφ small in this case) generates more expansion before reaching ±φ 0 due to a slow convergence to the attractor of the trajectories starting away from it. We takeφ = 0 as a suitable initial condition for the background field velocity that always reaches the attractor, and start numerical evolution of the background sufficiently far in the past for trajectory to settle to the attractor before considering fluctuations.
III. PERTURBATIONS
In this section, we recount the standard treatment of scalar and tensor perturbations required to obtain the power spectra of primordial fluctuations, and describe an extremely effective way to do so numerically. Let us first recall the expansion of the action (1) up to second order in perturbations
which is written in the gauge δφ = 0 and in conformal time η. Latin indices are raised and lowered by the Kronecker delta. In terms of the polarization modes h ij ≡ p=+,× h p σ p ij , the last expression is equivalent to
where we used the fact that tr (σ [19, 20] to rewrite the action as
where z = φ / √ 2M Pl H. Hence, the action for perturbations is now canonically normalized. In Fourier space, 6 × 10 the equations of motion for fluctuations are given by
where the Fourier transformed Mukhanov-Sasaki variables are v k ≡ φ /H ζ k and v
. Both (8) and (9) have the form a harmonic oscillator with timedependent frequency
We will now apply a very simple trick which is incredibly effective for numerical evaluation of the perturbation spectra, which is the single-field version of the general method [15] . The fluctuation variable ξ k can be redefined in terms of real amplitude L k and phase Θ k as ξ k ≡ L k exp (iΘ k ). Substituting this ansatz into (10) splits the differential equation into real and imaginary parts
where the imaginary part (12) is separable and has a simple analytic solution
Once the phase is eliminated from (11), we obtain
where the Bunch-Davies vacuum deep inside horizon at
L k (η 0 ) = 0 as initial conditions for mode evolution. The key observation is that the last term in (13) cancels the effective mode oscillation frequency, allowing numerical evolution to keep track of changes in amplitude only, with precision increasing deep inside the horizon where the vacuum state is more accurate. One no longer needs to resolve exponentially large physical oscillation scale (k/a) inside horizon, and can use a time step merely a fraction of the Hubble scale to resolve the evolution of the amplitudes without compromising the precision of the evolution routine. The implementation of this simple technique in equations (8) and (9) allowed us to calculate the evolution of the scalar curvature and the tensor fluctuations to extremely high precision, as shown in the two panels of Fig. 2 . We can evaluate the power spectra of scalar and tensor perturbations once we compute the evolution of the scalar and tensor modes for relevant wavenumbers. As an illustration, we calculated the spectra for several sets of the model parameters choosing k * = 2 × 10
pc as a pivot scale in Fig. 3 . The most striking fact to observe in both panels is the absence of any features or running in the spectra including β = 0.02, as it was argued in [7] . This can be checked for any number of the modes used to produce each of the spectra. Thus, the estimations made in that paper about the shape of the spectrum, in analogy with the approximate treatment for natural inflation (see [21] for further details) are perfectly valid. Nevertheless, we can increase accuracy of the parameter estimation (especially away from the slow-roll regime) by calculating the power spectra directly for each of the model realizations.
To further improve the efficiency of our calculations in −3 /H across the physical length scale following the lines of constant comoving wavenumber (which have a slope of 1) until they reach the screen at φ = φ 0 , where the mode amplitudes and the power spectra are evaluated. We can safely omit the evolution of the modes at physical scales shorter than injection point k phys (below the orange triangle) as the vacuum is essentially stationary there.
IV. PLANCK CONSTRAINTS
In this section we use the cosmic microwave background (CMB) anisotropies measurements from the Planck satellite [9] [10] [11] and their joint analysis with the BICEP2/Keck Array [12] to derive the constraints on the model parameters β and M 2 for a fixed value of N * , due to the degeneracy mentioned in Sect. II. Such a degeneracy is evident in Fig. 5 , and can be resolved by constraining a new variable
instead of M . Keeping M fixed while varying N * leaves the spectra almost invariant, and thus M is tightly constrained. As mentioned earlier, observational constraints on the constant-roll inflation parameters were already derived in [7] although by means of the slow roll approximation. Here we improve on those earlier results as we 2 with respect to the amplitude constraint is evident. The black dashed line represent the estimate of the optimal β computed in [7] .
are able to very accurately compute the power spectra of the scalar and tensor fluctuations using the evolution scheme presented in Sect. III. Also, as discussed in Appendix A, deviations from the slow roll conditions might be noticeable even in the best fit range of β given the precision of the present day observational data.
In a Bayesian framework the posterior probability for the model parameters is usually sampled through Markov Chain Monte Carlo (MCMC) engines such as CosmoMC [22] or MontePython [23] coupled to a Boltzmann solver such as CAMB [24] or CLASS [25] . The constraints on the model parameters are then derived by marginalization of the posterior probability. In this work however, we derived the constraints on constant-roll inflation inflation by simply mapping the posterior probability on the parameters (n s , A s , r) to two of the constant-roll inflation parameters (β, M 2 ) at a fixed N * . To do so, we evaluated the scalar and tensor power spectra on the logarithmic grid log 10 β ∈ [−3,
for different values of N * = 0, 30, 60, 80, and computed the parameters n s , A s , r, n T for each sample. The absence of features in the power spectra, as shown in Fig. 3 , allowed us to quickly obtain the scalar and tensor spectral indexes by a simple linear regression in more than 8000 different model realizations. In Fig. 5 , we show the results obtained after marginalizing over A s and n s . The range for n s at 68% C.L. and 95% C.L. is (approximately) independent of any choice of N * . In addition to this, the joint-posterior distribution over the parameters β and the new parameter, M , was then computed according to where the Jacobian J was computed numerically from the results
and exp(±N * ) becomes a constant multiplicative factor after N * is fixed. The posterior joint distribution P(n s , ln A) was generated from the MCMC chains provided by the Planck collaboration 23 . The results are shown in Fig. 6 for N * = 0, but apply to other values as well via the M scaling described above. The orange shaded regions represent the joint posterior probability P(log 10 β, log 10 (M /M Pl )
2 )| N * =0 , while the red and blue shaded regions represent respectively the marginalized posteriors P(log A s ) and P(n s ) projected on the parameter space (log 10 β, log 10 (M /M Pl )
2 )| N * =0 . From the definition in (14) , the constraints on the constant-roll inflation parameters are obtained by marginalizing the posterior probability (15) and are log 10 β = −1.76 In Fig. 7 , we illustrate the region of constant-roll model parameters we probed in the r versus n s diagram overlaying the joint likelihood distribution provided by Planck 2015. The hatched region corresponds to the variation of N * spanning values from 0 to 80, while the M and β range as in Fig. 5 . If one is willing to increase N * further (corresponding to hill-top inflation) very small values of r can be achieved. Interestingly, the parameter region of the constant-roll inflation does not overlap with any of the existing regions constrained by other models shown in [12] , which makes constant-roll inflation a testable alternative for future observations.
V. DISCUSSIONS
In this paper, we provide constraints of the model parameters in constant-roll inflation, as proposed in [6, 7] . These are not the only efforts regarding models with similar features, for instance see [26] [27] [28] [29] [30] [31] for further examples. Our numerical procedure is optimized for an efficient evaluation of the scalar and tensor power spectra of primordial fluctuations, and can scan more than 8000 different choices of model parameters in a reasonable time on minimal computing hardware. It does not require assuming the slow-roll approximation as it is based on the direct computation of the cosmological parameters (n s , r, A s , n T ) from the featureless power spectra shown in Fig. 3 . The code passes numerous accuracy tests and long-time integration of the mode evolution confirms that there is no spurious evolution on super-horizon scales. In order to provide tight constraints of the model parameters, we needed to address the degeneracy between M and N * . We found M defined in (14) to be a good auxiliary parameter that leaves the spectra almost invariant under different choices of N * for any fixed value of M . After using the CMB measurements from the Planck Collaboration [9] [10] [11] and their joint likelihood with the BICEP2/Keck Array [12] , we estimated log 10 β = −1.76 at 95% C.L. for N * = 0, as shown in Fig. 6 . The constraints for β are not significantly modified by any different choice of N * , however, due to the parameter degeneracy the same cannot be said about the constraints for M . The parameter range on r versus n s diagram covered by constant-roll inflation in Fig. 7 does not appear to overlap with any of the regions covered by the other inflationary models considered in [10, 11] , making this model observationally interesting for the next generations of CMB experiments.
Appendix A: Deviations of ns and r from the slow-roll expressions
In this appendix, we compare two of the consistency relations discussed in [13, 14] 
with the values of n s and r obtained from the scalar and tensor power spectra, as shown in Fig. 8 . These relations are the basis of the confrontation with Planck data made in [7] . The slow-roll parameters and η appearing in (A1) and (A2) are calculated there to be Fig. 8 shows comparison of the slow roll approximations (A1) and (A2) to the values inferred from the direct spectrum computation. Both slow-roll parameters are evaluated at φ = φ 0 , which makes them independent of M . Our procedure allows us to evaluate both power spectra well beyond the slow-roll approximation, we show β ∈ [0.001; 0.1] which contains the reliability interval suggested in [7] .
Pl is fixed as a constant, approximately matching its best-fit value after setting N * = 60. From Fig. 8 , it is interesting to notice that the deviations from the slow-roll definition in (A1) are always non-negligible, especially in the range of large values of β. The opposite occurs with the deviations from (A2) as we can observe in the left panel. In either of these cases, it is beneficial to avoid the approximation derived from the slow-roll approximation in order to calculate n s and r since (i) this imposes restrictions on the valid range of β and (ii) as shown in Fig. 8 , the calculation of both parameters from the power spectra shows noticable deviations from the approximate expressions in (A1) and (A2) in both the original reliability range β ∈ [0.005; 0.025] and within the 95% C.L. range, as depicted in both panels of the last figure. One possible cause is the spurious running of n s seen in the slow-roll consistency relations, which makes (A1) and (A2) depend slightly on the exact field value they are evaluated at. If one wants high precision, it is easier to just calculate the spectra directly rather than dealing with intricacies of the slow-roll expansion to get to the required expansion order.
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